We extend the definition of the obstruction group SSF(C) in the case where G is a cyclic group of prime order. We show that an endomorphism of a free ZG-module is a direct summand of a virtual permutation if its characteristic polynomial has the appropriate form. Among these endomorphisms the virtual permutations are detected by K0. The main application is in detecting Morse-Smale isotopy classes.
1. Introduction. A diffeomorphism of a compact manifold /: Af -> Af is called Morse-Smale if it satisfies Axiom A and strong transversality, and the nonwandering set S2(/) is finite. From the point of view of dynamics these are the simplest structurally stable diffeomorphisms (see [9] for more details). In this paper we study the algebraic obstruction to the existence of a Morse-Smale diffeomorphism in a given isotopy class, in the case where the fundamental group G = 77,(Af) is a cyclic group of prime order.
Definition. A square integral matrix is called a virtual permutation (v.p.) if it has
the block diagonal form Pi P,
where each block p¡ is either a signed permutation matrix or zero.
Theorem (Shub-Sullivan [9] ). Suppose dim M ^ 6 and-nx(M) = 0./: A£-f* M is isotopic to a Morse-Smale diffeomorphism if and only if f can be represented on the integral chain level by virtual permutation matrices. □ Franks and Shub [3] constructed an obstruction group, called SSF, which detects when this chain level condition can be satisfied. A linear map is called quasiunipotent if all eigenvalues are roots of unity, and quasi-idempotent if the zero eigenvalue is also allowed. By a change of basis the permutation blocks p, above can i.e. the companion matrix C(x" -1) of the polynomial (x" -1), so a Morse-Smale diffeomorphism must be quasi-unipotent on homology [8] . Let QI be the category whose objects are pairs (Af, e), where Af is a finitely generated Z-module and e: M -» M is quasi-idempotent on Af/Torsion( Af ). Let P c QI be the full subcategory of objects which have finite resolutions by free v.p. endomorphisms. Then SSF = K0(Ql)/K0(P).
If E: C* -* C* is a quasi-idempotent chain map, let x(^) = ^tT0c*(-l) ' [E¡] in SSF.
Theorem ). An integral chain map E: C*t3 is chain homotopy equivalent to a v.p. chain map if and only if E + : H^(C^) 3 is quasi-idempotent and X(E*)= 0/ttSSF.
In [4] Lenstra proved that SSF is nontrivial. For nonsimply connected manifolds the appropriate algebraic models are the chain maps in the universal cover C»(AZ) over the group ring ZG, G = irx(M) [5] . V.p. matrices have the same block diagonal form but the blocks p¡ may have nonzero entries ±g, g g G; by a change of basis we can assume the p¡ are companion matrices of polynomials x " ± g.
Let Mod(G) be the category with objects (Af, e), where Af is a finitely generated ZG-module and e: M -» Af is an operator homomorphism associated with an automorphism of G. A morphism h: (Af, e) -» (Af, /) in Mod(G) is a ZG-homomorphism h: M -* N such that fh = he. A resolution of (Af, e) in Mod(G) is a long exact sequence
Let P c Mod(G) be the full subcategory of objects which have finite free v.p. resolutions. Let Q 3 P be the full subcategory of Mod(G) of objects which are direct summands of objects of P.
Define SSF(G) = K0iQ)/K0iP).
In [6] we showed that if a ZG-chain map E: C» -» C* has each (C,, £",) g Q, then In [7] we identified the objects of Q in a special case. By a v.p. polynomial in ZG[x] we mean x" or a factor of (x" ± g), g g G. When G = Z", Af is a free ZG-module and e: M -y M is ZG-linear, we showed that (Af, e) g Q if and only if the characteristic polynomial of e is a product of v.p. polynomials (equivalently the eigenvalues of e are zero or roots of unity). In this paper, using techniques of integral representation theory, we prove the following Theorem. Suppose G is a cyclic group of prime order, M is a free ZG-module and E: M -» Af is ZG-linear. Then ( M, e) g Q if and only if the characteristic polynomial of e is a product of v.p. polynomials. □ This condition is clearly necessary. The rest of the paper is devoted to the proof of sufficiency. We would like to thank Michael Shub and John Franks for introducing us to this problem and for many helpful conversations. Proof. The condition is clearly necessary, we prove sufficiency. We have the characteristic polynomial of e equals fx(x)f2(x) ■ ■ ■ fr(x), where eachfi(x)\x"' ± h¡, h, g G. By Lemma 1 it suffices to prove that each factor module (Af/Af,,,, e) g Q. Observe that x" ± h\xm -1, where m = 2np. Let Af be a free ZG-module and e': N -* N an endomorphism such that/(x)ch(e') = xm -1. Let F = M,/M,_x © N and k = e © e': T -> F. By Lemma 3 F is a projective ZG-module and by Lemma 4 gF is a free gG-module with ch(Â:) = xm -1 on gF. We prove that (T, k) g Q through a series of lemmas, which will complete the proof of the theorem. D Proof. By [1, 32.5] it is sufficient to show that A/rad A. is a separable F^-algebra (where reduction is mod a).
By and 7 ( T,/T,_x, i)eQ and so by Lemma 1 (F, fc) g Q. d
This completes the proof of the theorem.
